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Introduction

Projection and Apparent Contour

Projection and Apparent Contour

Curve defined as the intersection of two algebraic surfaces:

e Pera =

Projection in the plane: B = 7, ,)(C)
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Introduction

Projection and Apparent Contour

Projection and Apparent Contour

Curve defined as the intersection of two algebraic surfaces:

. p(X,y,Z):O 3 __ Op
C'{Pz(x,y,z)zo (xy,2) €RZ, Pz = 3z

Apparent contour: B = 7, ,)(C)
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Introduction
Computing topology of planar curves

Computing topology of a real plane curve B

B ={(x,y) € R*|f(x,y) = 0}
Singularities: {(x,y) € R?|f(x,y) = f(x,y) = f,(x,y) = 0}

e Path tracking methods fail near singularities
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Introduction

Computing topology of planar curves
Computing topology of a real plane curve B
B ={(x,y) € R*|f(x,y) = 0}
Singularities: {(x,y) € R?|f(x,y) = f(x,y) = f,(x,y) = 0}
e Path tracking methods fail near singularities

e Symbolic methods
e CAD requires : computing with algebraic numbers
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Introduction
Computing topology of planar curves

Computing topology of a real plane curve B

B ={(x,y) € R*|f(x,y) = 0}

Singularities: {(x,y) € Rzlf(x,y) = f(x,y) = f,(x,y) =0}

e Path tracking methods fail near singularities

e Symbolic methods

A general framework

@ Restrict to a compact By

@ Isolate in boxes:
e boundary points
e x-critical points
e singularities
® Compute topology around
singularities

© Connect boxes
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Introduction

Computing topology of planar curves
Computing topology of a real plane curve B

B ={(x,y) € R?|f(x,y) = 0}

Singularities: {(x,y) € R?|f(x,y) = f(x,y) = f,(x,y) = 0}
e Path tracking methods fail near singularities
e Symbolic methods

ISOTOP A general framework

@ Restrict to a compact By

(@ Isolate in boxes:

e boundary points
er basis e x-critical points
e singularities

® Compute topology around
singularities
ping © Connect boxes

algorithm
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Introduction

Contributions

When B is a projection or an apparent contour

Geometric characterization of nodes and cusps:
e 4D square system
* 0-dim solver @ Isolate in boxes:

e boundary points
e x-critical points
Certified numerical tools: e singularities

e 0-dim solver: subdivision
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Introduction

Contributions

When B is a projection or an apparent contour

Enclosing C in a sequence of boxes:
e 1-dim solver

e 1 point on each C.C.: 0-dim solver

Geometric characterization of nodes and cusps:
e 4D square system

* 0-dim solver @ Isolate in boxes:

o Restriction of the solving domain e boundary points
e x-critical points
Certified numerical tools: e singularities

e 0-dim solver: subdivision

e 1-dim solver: path tracker
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Isolating singularities

Deflation system
Isolating singularities

B={(x,y) € R?*|r(x,y) = 0},

Singularities of B are the solutions of:

r(x.y) =
gx’o

(x,y)=0
..that is over—determlned.
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Isolating singularities

Deflation system
Isolating singularities
B ={(x,y) € R?|r(x,y) = 0},

Singularities of B are the solutions of:

r(x,y) =0 or _
{ (e y) =0 s.t. 8y(x,y)—O

... that has solutions of multiplicity 2.
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Isolating singularities
Deflation system

Isolating singularities of an apparent contour
B ={(x,y) € R?|r(x,y) = 0}, where r(x, y) = Res(p, pz, z)(x,y)
Singularities of B are the solutions of:

{ ry)=0

t ) =0
9 (x,y) =0 8y(x 2

... that has solutions of multiplicity 2.

P, degree 6, bit-size 8, 84 monomials
r, degree 30, bit-size 111, 496 monomials
or Or

Ix’ Oy’ degree 29, bit-size 115, 465 monomials

degree of p ‘5‘6‘7‘8‘9‘
time with RSCube* | 3.1s | 32s | 254s | 1898s | 9346s |

* F.Rouillier
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Isolating singularities

Deflation system

Isolating singularities of an apparent contour
B ={(x,y) € R?|r(x,y) = 0}, where r(x,y) = Res(p, pz, z)(x, y)

Singularities of B are the regular solutions of:

(82) { 510(X,y) = 0

511(X,y) —0 s.t. 522(X,y) #0

... where s10, 11, S22 are coefficients in the subresultant chain.

P, degree 6, bit-size 8, 84 monomials
r, degree 30, bit-size 111, 496 monomials
%, g—;, degree 29, bit-size 115, 465 monomials

s11,510, degree 20, Dbit-size 89, 231 monomials
S22, degree 12, bit-size 65, 91 monomials

[IMP15] Rémi Imbach, Guillaume Moroz, and Marc Pouget.
Numeric certified algorithm for the topology of resultant and
discriminant curves.
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Isolating singularities

Ball system

Isolating singularities . ..: the ball system

B={(x,y) €eR’3z € Rst. (x,y,2) € C}

—
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Isolating singularities

Ball system

Isolating singularities . ..: the ball system
B={(x,y) €eR’3z € Rst. (x,y,2) € C}

D S
W
i c: center of z1, 2

r=|cal?

x

Let (x,y) be:
* a node: (X,y,zl),(X,y,Z2) € C, with 21 7é 22

z1=c—\r,zz=cH+r
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Isolating singularities

Ball system

Isolating singularities . ..: the ball system
B={(x,y) €eR’3z € Rst. (x,y,2) € C}

D S
RV
i c: center of z1, 2

r=|cal?

Let (x,y) be:
* a node: (X,y,zl),(X,y,Z2) € C, with 21 7é 22
z1=c—\r,zz=cH+r
e acusp: (x,y,21),(x,y,2z) € C, with z1 = z
zlzc—\ﬁ,22:c+ﬁ



Isolating singularities
Ball system

Isolating singularities . ..: the ball system
B={(x,y) €eR’3z € Rst. (x,y,2) € C}

Singularities of B are the regular solutions of:

3(p(x,y,c+ ) + plx,y,c—r) =0

(8) ﬁ(p(xy,c+f) - P(X,y,C—\ﬁ)) 0
' 3(p(x,y,c+ V1) + pAxy,c—r) =0
sz (p(xy,c+V/r) = pa(x,y,c =) =0

Let (x,y) be:
* a node: (Xayvzl)a(xa}/aZZ) € C, with 21 7é 22
z1=c—\r,zz=cH+r
e acusp: (x,y,21),(x,y,2z) € C, with z1 = z
zlzc—\ﬁ,22:c+ﬁ



Isolating singularities
Ball system

Isolating singularities . ..: the ball system
B={(x,y) €eR’3z € Rst. (x,y,2) € C}

Singularities of B are the regular solutions of:

3(p(x,y,c+ ) + plx,y,c—r) =0

(8) T(p(xy,c+\ﬁ) - P(X,y,C—\ﬁ)) 0
¢ %( Z(Xy7c+\ﬁ) + pZ(vavc_\ﬁ)) =0
(paxyic VD) — pilxyic—vR) =0

e equations of (Ss) are polynomials

e 4 equations in 4 unknowns
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Isolating singularities

Certified numerical tools

Certified numerical tools: 0-dim solver

F:R" - R", F polynomial,
e find zeros of F: find {X € R"|F(X) =0}

E(X,yw

[Neu90] Arnold Neumaier.
Interval methods for systems of equations, volume 37.

Cambridge university press, 1990.
Fa(x.y)=0
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Isolating singularities

Certified numerical tools

Certified numerical tools: 0-dim solver

F:R" - R", F polynomial,
e find zeros of F: find {X € R"|F(X) =0} ~ {X € R"[||F(X)|| < ¢}

E(X,yw

[Neu90] Arnold Neumaier.
Interval methods for systems of equations, volume 37.

Cambridge university press, 1990.
Fa(x.y)=0
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Isolating singularities

Certified numerical tools

Certified numerical tools: 0-dim solver

F:R" — R", F polynomial, Xg a compact of R"
e find zeros of F: find {X € R"|F(X) =0}
e Isolate zeros of F in boxes {Xi,...,X,} such that

e each Xy contains a unique zero of F
e each zero of F in Xq is in a unique box Xy

i X

[Neu90] Arnold Neumaier.
Interval methods for systems of equations, volume 37.
Cambridge university press, 1990.

R (x.y)=0
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Isolating singularities

Certified numerical tools
Certified numerical tools: 0-dim solver
F:R" — R", F polynomial, Xg a compact of R"

Interval Arithmetic: x CR , X C R"

e multi-dimensional extension of interval : box X C R”

X=x1 X ...xxp=[l(x1),r(x1)] X ...x[l(xn), r(xn)]

[Neu90] Arnold Neumaier.
Interval methods for systems of equations, volume 37.
Cambridge university press, 1990.
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Isolating singularities

Certified numerical tools

Certified numerical tools: 0-dim solver
F:R" — R", F polynomial, Xg a compact of R"

Interval Arithmetic: x CR , X C R"
e multi-dimensional extension of interval : box X C R”

e interval arithmetic operators

x = [I(x), ()] y = [(y), r(n)]sx+y = [(x)+1(y), r(x) +r(y)]

[Neu90] Arnold Neumaier.
Interval methods for systems of equations, volume 37.
Cambridge university press, 1990.
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Isolating singularities

Certified numerical tools

Certified numerical tools: 0-dim solver
F:R" — R", F polynomial, Xg a compact of R"

Interval Arithmetic: x C R , X C R" ,F(X) D {F(X)|X € X}
e multi-dimensional extension of interval : box X C R”
e interval arithmetic operators
e interval evaluation of F: R" — R" : F(X) 2 {F(X)|X € X}

[Neu90] Arnold Neumaier.
Interval methods for systems of equations, volume 37.
Cambridge university press, 1990.
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Isolating singularities

Certified numerical tools

Certified numerical tools: 0-dim solver
F:R" — R", F polynomial, Xg a compact of R"
Interval Arithmetic: x C R X C R" ,F(X) D {F(X)|X € X}

Krawczik criterion: Kg : X C R" +— Kg(X) C R”
Ke(X) C Int(X) = Kg(X) contains a unique zero of F

consequence of the Brouwer fixed point theorem.

E(x,yw

KF(x)\x

[Neu90] Arnold Neumaier. >(
Interval methods for systems of equations, volume 37.

Cambridge university press, 1990.

R (x.y)=0
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Isolating singularities

Certified numerical tools
Certified numerical tools: 0-dim solver
F:R"™ — R"”, F polynomial, Xg a compact of R”
Interval Arithmetic: x C R X C R" ,F(X) D {F(X)|X € X}
Krawczik criterion: Kg : X C R" +— Kg(X) C R”

Subdivision method:
Input: F:R"” — R"”, Xo box of R”
Output: A list R of boxes containing solutions in Xg of F =0

L:={Xo}
Repeat: F (x,ym

X := L.pop
If 0 € F(X) then TN
If Ke(X) C Int(X) then
insert X in R
Else If Kr(X) N X # 0 then
bisect X and insert its sub-boxes in L /#\
End if
End if < 4
Until L =0 ]
Return R Fa(x.y)=0
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Isolating singularities

Certified numerical tools

Certified numerical tools: 0-dim solver
F:R"™ — R"”, F polynomial, Xg a compact of R”
Interval Arithmetic: x C R X C R" ,F(X) D {F(X)|X € X}
Krawczik criterion: Kg : X C R" +— Kg(X) C R”

Subdivision method:

e terminates with a correct result when

e [ =0 has only regular solutions,
e working at arbitrary precision.

e can be extended to unbounded initial box Xg

e its cost grows exponentially with n

[Neu90] Arnold Neumaier.
Interval methods for systems of equations, volume 37.
Cambridge university press, 1990.
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Isolating singularities

Experiments

Certified numerical isolation of singularities

Datas: Random dense polynomials of degree d, bit-size 8

Subdivision solver: home made in C++, with boost interval library
e evaluation of polynomials with horner scheme — quick

e evaluation of polynomials at order 2 — sharp

Numerical results: Subdivision solving within [—1,1] x [—1,1]

Sub-resultant system S | Ball system S,
d t t
5 0.05 24.8
6 0.50 8.40
7 4.44 43.8
8 37.9 70.2
9 23.1 45.6

means on 5 examples of sequential times in seconds on a Intel(R) Xeon(R) CPU
L5640 @ 2.27GHz machine.
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Enclosing C

Motivations

Restriction of the solving domain

Enclose C: find a sequence {Cy}1<k</ such that
e C C U Cx,
e in each Cy, C N Cy is diffeomorphic to a close segment,
e each Cy has width less than 7.
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Enclosing C

Motivations

Restriction of the solving domain

Enclose C: find a sequence {Cy}1<k</ Crk = (%k> ¥Yk»2k)
— Enclose B: each B € Bis in a Bx = 7, )(Cx)
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Enclosing C

Motivations

Restriction of the solving domain

Enclose C: find a sequence {Cy}1<k</ Crx = (Xk, Yk Zk)

— Enclose B: each B € Bis in a Bx = 7, )(Cx) Bx = (xk, Y«)
— Enclose singularities:

e each cusp is in a By

e each node isin a Bj = B; N B;
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Enclosing C

Motivations

Restriction of the solving domain

Enclose C: find a sequence {Cy}1<k</ Crx = (Xk, Yk Zk)
— Enclose B: each B € Bis in a Bx = 7, )(Cx) Bx = (xk, Y«)
— Enclose singularities:

e each cusp is in a By Dy = (Xk, Yk, 2k, [0, (W(Zk)) 1)

e each nodeisina B;j =B;NB; Dj = (x;,yj, Z+Z’ , [0, ( Z’_Z’)) )]
— Enclose solutions of the ball system:
Solutions of the ball system are in J, Dk U, ; Dj

R
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Enclosing C

Certified numerical tools

Certified numerical tools: path tracker

F:R" - R"1 Xy a box of R”
X = {X € Xo|F(X) =0} is a smooth curve of R”
X1 ..., X™ connected components of X
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Enclosing C

Certified numerical tools

Certified numerical tools: path tracker

F:R" - R"1 Xy a box of R”
X = {X € Xo|F(X) =0} is a smooth curve of R”
X1 ..., X™ connected components of X

Certified path-tracker:
Input: F:R” — R"1 Xg box of R", n € R}
An initial box X € X
Output: a sequence of boxes {Xx}1<k</ enclosing X

K
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Enclosing C

Certified numerical tools

Certified numerical tools: path tracker

F:R" - R"1 Xy a box of R”
X = {X € Xo|F(X) =0} is a smooth curve of R”
X1 ..., X™ connected components of X

Certified path-tracker:
Input: F:R” — R"1 Xg box of R", n € R}
An initial box X € X'
Output: a sequence of boxes {X }1<x</ enclosing X0

K
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Enclosing C
Certified numerical tools

Certified numerical tools: path tracker

[MGGJ13] Benjamin Martin, Alexandre Goldsztejn, Laurent Granvilliers, and Christophe Jermann.
Certified parallelotope continuation for one-manifolds.
SIAM Journal on Numerical Analysis, 51(6):3373—-3401, 2013.
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Enclosing C

Enclosing C

Enclosing C

F:R3 - R2, By a box of R?

C = {C € By x R|F(X) = 0} is a smooth curve of R3
C!,...,C™: connected components of C

Assumption (A3): C is compact over Bg

(A3) holds for generic polynomials p, g

Finding one point on each connected component

i
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
i
|
/-
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Enclosing C

Enclosing C

Finding one point on each connected component

Assumption (A3): C is compact over Bg

Lemma: If (A3) holds, CX is

e either diffeomorphic to [0, 1]
= has 2 intersections with 0By x R

¢ or diffeomorphic to a circle
= has at least two x-critical points
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Enclosing C
Enclosing C

Finding one point on each connected component

Assumption (A3): C is compact over By~ €N (9Bo x R) are the solutions
of the 4 systems:

p(x:a,y,z)zO
q(x=a,y,z) =0

Lemma: If (A3) holds, CX is

e either diffeomorphic to [0, 1]

= has 2 intersections with 0By x R
p(x,y = b,z) =0
¢ or diffeomorphic to a circle q(x,y =b,z) =0

= has at least two x-critical points
‘ where a € {Xinf, Xsup },

be {yinfa ysup}
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Enclosing C

Enclosing C

Finding one point on each connected component

Assumption (A3): C is compact over Bg

Lemma: If (A3) holds, CX is

e either diffeomorphic to [0, 1]
= has 2 intersections with 0By x R

¢ or diffeomorphic to a circle
= has at least two x-critical points

e e
/
/

/

/

/

/
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Enclosing C

Enclosing C

Finding one point on each connected component

Assumption (A3): C is compact over Bg

. k
Lemma: If (A3) holds, C* is x-critical points of C are the
e either diffeomorphic to [0, 1] solutions of the system: 0
= has 2 intersections with 0By x R P(x,y,2) _
q(X7y7 Z) - 0
e or diffeomorphic to a circle 2
i pni I ‘Zﬁ ZZ (x,y,z) =0

= has at least two x-critical points

e e
/
/

/

/

/

/
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Results
12/ 13

Certified numerical isolation of singularities

Path tracker: prototype in python/cython

Numerical results: solving within [-1,1] x [—1,1]

Sub-resultant system S> | Ball system Ss | Sa with curve tracking
d t t t
5 0.05 24.8 1.25
6 0.50 8.40 2.36
7 4.44 43.8 4.13
8 37.9 70.2 5.01
9 23.1 45.6 5.30

means on 5 examples of sequential times in seconds on a Intel(R) Xeon(R) CPU
L5640 @ 2.27GHz machine.
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Results
13/ 13

Perspectives

e Using the enclosure of C to recover the topology of B

e Projections of curves of R”, with n > 3

Questions?

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS
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