
Certified numerical tools for computing the topology
of projected curves
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Projection and Apparent Contour

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

P,Q two (polynomial or analytic) maps R3 → R
Curve defined as the intersection of two surfaces:

C :
{

P(x , y , z) = 0
Q(x , y , z) = 0 , (x , y , z) ∈ R3

, Pz = ∂P
∂z

Projection in the plane: π(x ,y)(C)
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P,Q two (polynomial or analytic) maps R3 → R
Curve defined as the intersection of two surfaces:

C :
{

P(x , y , z) = 0
Pz(x , y , z) = 0 , (x , y , z) ∈ R3, Pz = ∂P

∂z

Apparent contour: π(x ,y)(C)
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Computing the topology of a real plane curve B

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

B = {(x , y) ∈ R2|∃z ∈ R s.t. (x , y , z) ∈ C}

Goal: with numerical approaches, compute
• exact topology
• approximated geometry
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A general framework
0 Restrict to a compact B0
1 Isolate in boxes:

• boundary points
• x -critical points
• singularities

2 Compute topology around
singularities

3 Connect boxes
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Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

B = {(x , y) ∈ R2|∃z ∈ R s.t. (x , y , z) ∈ C}

Goal: with numerical approaches, compute
• exact topology
• approximated geometry

A general framework
0 Restrict to a compact B0
1 Isolate in boxes:

• boundary points
• x -critical points
• singularities

2 Compute topology around
singularities

3 Connect boxes



Introduction Isolating singularities Computing topology
Computing the topology of planar curves 2/ 22

Computing the topology of a real plane curve B
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Computing the topology of a real plane curve B

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

A general framework
0 Restrict to a compact B0

1 Isolate in boxes:
• boundary points
• x -critical points
• singularities

2 Compute topology around
singularities

3 Connect boxes

Characterization and isolation of nodes and cusps:
• Resultant approaches
• Geometric approach

Enclosing C in a sequence of boxes:

• Restrict the domain where
singularities are sough

• Compute topology

Certified numerical tools:
• 0-dim solver: branch and bound solver

• 1-dim solver: certified path tracker
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Computing the topology of a real plane curve B

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

A general framework
0 Restrict to a compact B0

1 Isolate in boxes:
• boundary points
• x -critical points
• singularities

2 Compute topology around
singularities

3 Connect boxes

Characterization and isolation of nodes and cusps:
• Resultant approaches
• Geometric approach

Enclosing C in a sequence of boxes:
• Restrict the domain where

singularities are sough
• Compute topology

Certified numerical tools:
• 0-dim solver: branch and bound solver
• 1-dim solver: certified path tracker
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Isolating singularities

of apparent contours

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

B = {(x , y) ∈ R2|r(x , y) = 0},

where r(x , y) = Res(P,Pz , z)(x , y)

Singularities of B are the solutions of:

(S)


r(x , y) = 0
rx (x , y) = 0
ry (x , y) = 0

. . . that is over-determined

. . . that has solutions of multiplicity 2

symbolic approaches: Gröbner Basis, RUR

. . . where s10, s11, s22 are coefficients in the subresultant chain.
P, degree 6, bit-size 8, 84 monomials
r , degree 30, bit-size 111, 496 monomials

s11, s10, degree 20, bit-size 90, 231 monomials

degree of P 6 7 8 9
(S) with RSCube* 32s 254s 1898s 9346s

(S2) with RSCube 15s 105s 620s 3 300s
(S2) with Bertini 1005s ≥ 3000s ≥ 3000s ≥ 3000s

* F. Rouillier
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Example

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

P, degree 6, bit-size 8, 84 monomials

r , degree 30, bit-size 111, 496 monomials
s11, s10, degree 20, bit-size 90, 231 monomials

P = 158x6 − 186x5y + 205x5z − 160x4y2 + 105x4yz + 116x4z2 − 69x3y3 − 161x3y2z − 8x3yz2 + 107x3z3 +

144x2y4−193x2y3z +130x2y2z2 +x2yz3 +47x2z4 +165xy5−220xy4z−21xy3z2 +50xy2z3−130xyz4−77xz5 +

66y6−55y5z + 219y4z2−30y3z3−162y2z4−182yz5−145z6 + 105x5 + 241x4y−177x4z−127x3y2−97x3yz +

223x3z2− 46x2y3− 213x2y2z + 39x2yz2 + 191x2z3 + 65xy4− 105xy3z− 248xy2z2 + 158xyz3− 183xz4 + 48y5−

240y4z + 235y3z2 + 194y2z3−45yz4 + 159z5−81x4−230x3y−247x3z−38x2y2 + 106x2yz + 184x2z2 + 49xy3−

197xy2z−182xyz2−223xz3−205y4−225y3z−14y2z2−17yz3 +73z4−234x3−82x2y +179x2z+46xy2−222xyz−

95xz2 + 139y3 + 168y2z + 8yz2 + 156z3 + 159x2− 147xy − 22xz− 104y2 + 181yz + 26z2− 90x + 250y + 19z + 19
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Example

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

P, degree 6, bit-size 8, 84 monomials
r , degree 30, bit-size 111, 496 monomials

s11, s10, degree 20, bit-size 90, 231 monomials

Res(P, Pz , z) = 25378517513821930985374726185 x30 − 195028956698484982176266264460 x29y +

669460660893860813921604554100 x28y2 − 631323116304152251056202148000 x27y3 −

1028704563680432990245022354280 x26y4 + 45977970156051179086240080820 x25y5 +

3554469553406371293751987742270 x24y6 + 3711031010928440039666656612920 x23y7 −

5634442800184514383998916600260 x22y8 − 11658591855069381144706595841060 x21y9 −

4387874939266072948066332459470 x20y10 + 16408843461038228420223023180230 x19y11 +

23700165794251777062304009772915 x18y12 + 4316324180997748865901800201620 x17y13 −

24929137305247653219088728498740 x16y14 − 33372908351021778030492119654810 x15y15 −

9633448028150975870147511674570 x14y16 + 20500155431790235158403374001190 x13y17 +

31668089060759309350684716458350 x12y18 + 16544278550218652616250018398520 x11y19 −

5014730522275651771719575652535 x10y20 − 16590111614945163714073974823320 x9y21 −

13546083341149182083464535866425 x8y22 − 4754759946941791724566012110130 x7y23 +

1997218841447789708607357568825 x6y24 + 3898998021968250822246999603270 x5y25 +

2952886033862836034010007466870 x4y26 + 1437459919838704088176184513990 x3y27 +

496586791050027183265384206460 x2y28 + 112710851135670450389913113840 xy29 +

15798838107051613616594736925 y30 + 180569568501641516907406343850 x29
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Sub-resultant based deflation system

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

(α, β) node of B
! P(α, β, z) and Pz(α, β, z) have two common roots z0, z1

(α, β) cusp of B
! P(α, β, z) and Pz(α, β, z) have a double root z0

!

(⇒ Pzz(α, β, z0) = 0)

Sub-resultant chain of P,Pz , z :
S0 = Res(P,Pz , z)(x , y) = r(x , y)
S1 = s11(x , y)z + s10(x , y)
S2 = s22(x , y)z2 + s21(x , y)z + s20(x , y)
. . . = . . .

where sl ,k = det(A), A ∈M(m+n−l)×(m+n−l)(Q[x , y ])

Singularities of B are the solutions of:

Proposition P(α, β, z),Pz(α, β, z) have a gcd of degree 2 iff
r(α, β) = s11(α, β) = s10(α, β) = 0 and s22(α, β) 6= 0.

Remark Under genericity assumptions on P, one has:
if (x , y) is s.t. s11(x , y) = s10(x , y) = 0 then
r(x , y) = 0⇔ s22(x , y) 6= 0.
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Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

(α, β) node of B
! P(α, β, z) and Pz(α, β, z) have two common roots z0, z1

(α, β) cusp of B
! P(α, β, z) and Pz(α, β, z) have a double root z0

! (⇒ Pzz(α, β, z0) = 0)

Sub-resultant chain of P,Pz , z :
S0 = Res(P,Pz , z)(x , y) = r(x , y)
S1 = s11(x , y)z + s10(x , y)
S2 = s22(x , y)z2 + s21(x , y)z + s20(x , y)
. . . = . . .

where sl ,k = det(A), A ∈M(m+n−l)×(m+n−l)(Q[x , y ])

Singularities of B are the solutions of:

Proposition

P(α, β, z),Pz(α, β, z) have a gcd of degree 2

iff
r(α, β) = s11(α, β) = s10(α, β) = 0 and s22(α, β) 6= 0.

Remark Under genericity assumptions on P, one has:
if (x , y) is s.t. s11(x , y) = s10(x , y) = 0 then
r(x , y) = 0⇔ s22(x , y) 6= 0.



Introduction Isolating singularities Computing topology
Resultant approaches 7/ 22

Sub-resultant based deflation system
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Isolating singularities of apparent contours

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

B = {(x , y) ∈ R2|r(x , y) = 0}, where r(x , y) = Res(P,Pz , z)(x , y)

Singularities of B are the regular solutions of:

(S2)
{

s10(x , y) = 0
s11(x , y) = 0 s.t. s22(x , y) 6= 0

. . . that is over-determined

. . . that has solutions of multiplicity 2

symbolic approaches: Gröbner Basis, RUR

. . . where s10, s11, s22 are coefficients in the subresultant chain.

P, degree 6, bit-size 8, 84 monomials
r , degree 30, bit-size 111, 496 monomials

s11, s10, degree 20, bit-size 90, 231 monomials

degree of P 6 7 8 9
(S) with RSCube* 32s 254s 1898s 9346s

(S2) with RSCube 15s 105s 620s 3 300s
(S2) with Bertini 1005s ≥ 3000s ≥ 3000s ≥ 3000s

* F. Rouillier
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Example
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P, degree 6, bit-size 8, 84 monomials
r , degree 30, bit-size 111, 496 monomials
s11, s10, degree 20, bit-size 90, 231 monomials

s11 = −140117848627008812531220 x20−610153133593349354171040 x19y + 39516518923021733844070 x18y2 +

3342883727033466620154170 x17y3 + 2891274355142589403901890 x16y4 + 112794729750527524649840 x15y5 −

11340692490521298700125220 x14y6 − 11062911106388945165447000 x13y7 −

2946445042372334921153850 x12y8 + 12890641493062475757808370 x11y9 +

20482823881470123106468370 x10y10 + 11024860229216130931420010 x9y11 −

1126962434297495978162860 x8y12 − 12884485324685747664432680 x7y13 −

9059725287074848327234580 x6y14− 4941320817429025658253850 x5y15 + 2122391146412348698406760 x4y16 +

2384112136850068775369540 x3y17 + 2363347796938811648578260 x2y18 + 735933941537801203166720 xy19 +

293011939904302120871210 y20 + 693411445688541987909840 x19 + 4819667434476299196422270 x18y −

854531603999857310010090 x17y2−4588903065796097271527060 x16y3−12454540077632985887041990 x15y4−

19038809918580772113933260 x14y5−5255594134400598288192960 x13y6 +1174005266404773044076220 x12y7 +

39658021585466235582243720 x11y8 + 49141822061980186469013340 x10y9 +

51251450511200391856666690 x9y10 + 11669318785950916496923050 x8y11 −

28301495536506792226988080 x7y12−41033163619102015347161770 x6y13−35667587937298787194051010 x5y14
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Isolating singularities of apparent contours
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* F. Rouillier
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B = {(x , y) ∈ R2|r(x , y) = 0}, where r(x , y) = Res(P,Pz , z)(x , y)

Singularities of B are the regular solutions of:

(S2)
{

s10(x , y) = 0
s11(x , y) = 0 s.t. s22(x , y) 6= 0

and r(x , y) = 0

. . . that is over-determined

. . . that has solutions of multiplicity 2

symbolic approaches: Gröbner Basis, RUR

. . . where s10, s11, s22 are coefficients in the subresultant chain.
P, degree 6, bit-size 8, 84 monomials
r , degree 30, bit-size 111, 496 monomials
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(S2) with Bertini 1005s ≥ 3000s ≥ 3000s ≥ 3000s

* F. Rouillier

[IMP16] Rémi Imbach, Guillaume Moroz, and Marc Pouget.
A certified numerical algorithm for the topology of resultant
and discriminant curves.
Journal of Symbolic Computation, 2016.
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Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

2F (x,y)=0

X 0

1F (x,y)=0 ����

��

�
�
�
�

��
��
��
��

��

�
�
�
�
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Interval methods for systems of equations.
Cambridge University Press, 1990.

Interval extension �F of F :
0 /∈ �F (X)⇒ no solution in X

Interval newton operators KF (X):
KF (X) ⊂ int(X)⇒ ∃! solution in X

• Interval Gauss-Seidel
• Krawczyk KF (X)
• ...

Main Issues:
Evaluating F :

• quickly
• sharply

Adapting arithmetic precision
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Interval newton operators KF (X):
KF (X) ⊂ int(X)⇒ ∃! solution in X
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9599558432898626261007450 x4y15 − 192444982759028532939780 x3y16 +

6939766615318315548501820 x2y17 + 2686117840494608202484640 xy18 +
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36567036518479275088019530 x12 + 1147479549827939329986590 x11y +

96052521982901336684309990 x10y2 + 193059937549988141719993770 x9y3 +

92674720015944683016841640 x8y4 + 80984312795205137253433880 x7y5 +

681159813144873951541880 x6y6 + 153503512355823071903780070 x5y7 +

94033953409447833733397130 x4y8 + 130303999863479087386117470 x3y9 +

20791351205265430968467480 x2y10 + 32520952123618605329481180 xy11 +

5940776806633761344977600 y12 − 13914769451360610383124670 x11 +

30084521847939203350887910 x10y − 105527715641163242118608950 x9y2 −

14100936300432207883027820 x8y3 + 57060301710735973284525730 x7y4 +

77012363216330165444093120 x6y5 + 80833605670348235853038240 x5y6 −

149912522848882405993847580 x4y7 − 6813516501883521574126000 x3y8 −

42950267516156108756516500 x2y9 + 21592755247504330170080620 xy10 −

17031382249931008598040020 y11 − 6171657935747755381918250 x10 +

7654997625102275544127070 x9y + 57443133788968575211481160 x8y2 −

141750535951050086592782900 x7y3 − 75767342785419576225507520 x6y4 −

136280269919604548084474480 x5y5 − 98774656894208951604115920 x4y6 +

5493655599704452644509560 x3y7 − 104564510008849765005823740 x2y8 −

35524758347492936742127780 xy9 − 31595153367420739363442530 y10 +

7465836642594140665838600 x9 − 34828970332817350405440560 x8y −

427862281809331178539550 x7y2 + 66592976994067826748731230 x6y3 −

83023278635588227246863320 x5y4 + 57298078761434704142186570 x4y5 −

3398835729356672449081580 x3y6 + 6555217553960929764928220 x2y7 +

41557973370746869988638100 xy8 + 9068149881871190822601420 y9 −

8148245352682266058315900 x8 + 15881614190459353811061170 x7y −

14264228981549744540947910 x6y2 + 23715765592088655267261300 x5y3 +

92621620664954352851858230 x4y4 − 62790515026286396021193260 x3y5 +

2019172105721891050457240 x2y6 − 18753304259531796172964200 xy7 −

8742840598690105620343320 y8 + 11832581325334345822034940 x7 −

3276518155441911841948560 x6y − 10227468434417120340457420 x5y2 −

38232382990837825206820810 x4y3 − 19108137157795241292526680 x3y4 +

69149635425469958703689310 x2y5 + 10141040457738638747204820 xy6 +

11569637284428548304172260 y7 − 12386363190013184815416360 x6 +

9664858924236689324033860 x5y + 19029840373631361290036960 x4y2 +

13859270928377720241207030 x3y3 − 18584906780301632940523040 x2y4 −

33432710417434672906451870 xy5 − 5564810393926191571650910 y6 +

8382506417594025864399200 x5 − 13409381957976933518333720 x4y −

7727210755987505776867040 x3y2 + 1845661135523531203289010 x2y3 +

14536442418818381413573130 xy4 + 7894605153896310728466040 y5 −

4004697658563745124088570 x4 + 9064344598664569577284300 x3y −

1063926954908483934019630 x2y2 − 1882371148571599842120610 xy3 −

4086763958351916369188340 y4 + 1373417524068091361188280 x3 −

3470447728543976931429390 x2y + 1726704564033627515257470 xy2 +

492926361605732760531950 y3 − 339376320075900408979660 x2 +

852487209243534934078270 xy − 494054219590520612800280 y2 +

56715414781765793498750 x − 101265312656343536781990 y −

4622490867483490362170
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Evaluating large multivariate polynomials

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Quickly: multivariate Horner scheme
Sharply: �F can be implemented by:
0F : Horner form, linearly convergent toward F
1F : centered eval. at order 1, quadratically convergent toward F
2F : centered eval. at order 2, at least quadratically convergent toward F

Pols random

disc deg 8

d , σ 32, 32 64, 64 128, 128

42, 128

0F 1 188

0.17s

1 503

0.77s

1 730

3.8s 182 649 64.6s

1F 1 054

0.11s

1 293

0.67s

1 432

3.2s 134 337 44.2s

2F 747

0.09s

966

0.44s

952

1.9s 18 138 4.75s

Nb of explored boxes and times in s., systems of 2 pols in 2 unknowns

[Neu90] A. Neumaier.
Interval methods for systems of equations.
Cambridge University Press, 1990.
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Adapting arithmetic precision

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Arithmetic precision is doubled if

Criteria of [Rev03]: {X1,X2} = bisect(X), w(X) : width of X

(c1) the width of X is near the actual machine ε:

w(X1) ≥ w(X) or w(X2) ≥ w(X)

(c2) �F (X) is no more inclusion monotonic

�F (X1) ∪�F (X2) * �F (X)

Criteria of [Rev03]: {X1,X2} = bisect(X), w(X) : width of X
(c2) �F (X) is no more inclusion monotonic

�F (X1) ∪�F (X2) * �F (X)

Arithmetic precision is doubled if

Heuristic criterion for krawczyk operator: w(X) : width of X

(c3) w(P− JF (P)−1F (P)) ≥ w(X)

and (P− JF (P)−1F (P)) ∩ X 6= ∅

KF (X) = P− JF (P)−1F (P) +�JF (. . .), where P is a point in X

⇒ w(KF (X)) = w(P− JF (P)−1F (P))︸ ︷︷ ︸

0

+ w(�JF (. . .))

Certificate of existence and uniqueness only if

[Rev03] N. Revol.
Interval newton iteration in multiple precision for the univariate case.
Numerical Algorithms, 34(2-4):417–426, 2003.

WN (X) = (X − 1
N+1 ) . . . (X − N

N+1 )

W20(X) on [0, 1] disc. deg 8 on [−1, 1]× [−1, 1]
prec t. in s. prec t. in s.

53 106 53 106
(c2) 519 983 129 297 ' 8 874 620 30 697 ' 400
(c3) 308 941 202 123 ' 10 723 146 3 013 ' 207

F (X) = (X − 1
6 ) . . . (X − 5

6 )
mantissa: 15 bits
machine ε: ' 10−4
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Results:

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Datas: Random dense polynomials of degree d , bit-size 8
0-dim solver: multi-precision subdivision solver, c++/cython/sage
IA libraries: BOOST for double precision, MPFI otherwise
[Imb16] Rémi Imbach.

A Subdivision Solver for Systems of Large Dense Polynomials.
Technical Report 476, INRIA Nancy, March 2016.

Numerical results: Isolating singularities of an apparent contour

system S2, RSCube S2, subd.

S4, subd.

domain R2 [−1, 1]× [−1, 1]

R2 [−1, 1]× [−1, 1] R2

d
6 15 0.5

1.35 8.4 11.3

7 105 4.44

21.9 43.8 54.2

8 620 37.9

57.7 70.2 99.2

9 3300 23.2

54.7 45.6 95.1

means on 5 examples of sequential times.

Numerical results: Isolating singularities of an apparent contour

system S2, RSCube S2, subd. S4, subd. with C
domain R2 [−1, 1]× [−1, 1] [−1, 1]× [−1, 1] [−1, 1]× [−1, 1]

d
6 15 0.5 8.4 2.36
7 105 4.44 43.8 4.13
8 620 37.9 70.2 5.91
9 3300 23.2 45.6 5.30

means on 5 examples of sequential times.
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xdx f2f2(1/x , y/x) = 0
xdx f1f1(1/x , y/x) = 0

f1(x , y) = 0
f2(x , y) = 0

ydy f2f2(x/y , 1/y) = 0
ydy f1f1(x/y , 1/y) = 0

x

1

-1

-1 1

y

f1(x , y) = 0
f2(x , y) = 0

ydy f2f2(x , 1/y) = 0
ydy f1f1(x , 1/y) = 0

x

1

-1

-1 1

y

[Neu90] A. Neumaier.
Interval methods for systems of equations.
Cambridge University Press, 1990.
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Characterizing singularities:

the Ball system

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

B = {(x , y) ∈ R2|∃z ∈ R s.t. (x , y , z) ∈ C}

Lemma 4. Under some genericity assumptions, all the solutions of
S4 in R2 × R× R+ are regular.

Lemma 1: (x , y) is a node of B ⇔ (x , y , z1, z2) satisfies:

P(x , y , z1) = Q(x , y , z1) = P(x , y , z2) = Q(x , y , z2) = 0

Lemma 2: (x , y) is a cusp of B ⇔ (x , y , z) satisfies:

P(x , y , z) = Q(x , y , z) = Pz(x , y , z) = Qz(x , y , z) = 0

P(x , y , z) = Pz(x , y , z) = Pzz(x , y , z) = 0

Lemma 3.

Singularities of B are exactly the real solutions of:

when r → 0

(S4)


= 0
= 0
= 0
= 0

c: center of z1, z2
r = ‖cz1‖2

2
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√
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√
r)) = 0
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2
√

r (P(x , y , c +
√

r)− P(x , y , c −
√

r)) = 0
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2 (Q(x , y , c +

√
r) + Q(x , y , c −

√
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2
√
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√

r)− Q(x , y , c −
√
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Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

B = {(x , y) ∈ R2|∃z ∈ R s.t. (x , y , z) ∈ C}

Lemma 4. Under some genericity assumptions, all the solutions of
S4 in R2 × R× R+ are regular.

Lemma 1: (x , y) is a node of B ⇔ (x , y , z1, z2) satisfies:

P(x , y , z1) = Q(x , y , z1) = P(x , y , z2) = Q(x , y , z2) = 0

Lemma 2: (x , y) is a cusp of B ⇔ (x , y , z) satisfies:

P(x , y , z) = Q(x , y , z) = Pz(x , y , z) = Qz(x , y , z) = 0

P(x , y , z) = Pz(x , y , z) = Pzz(x , y , z) = 0

Lemma 3.

Singularities of B are exactly the real solutions of:

when r → 0

(S4)


1
2 (P(x , y , c +

√
r) + P(x , y , c −

√
r)) = 0

1
2
√

r (P(x , y , c +
√

r)− P(x , y , c −
√

r)) = 0
1
2 (Q(x , y , c +

√
r) + Q(x , y , c −

√
r)) = 0

1
2
√

r (Q(x , y , c +
√

r)− Q(x , y , c −
√

r)) = 0

c: center of z1, z2
r = ‖cz1‖2

2



Introduction Isolating singularities Computing topology
Ball system 15/ 22

Characterizing singularities: the Ball system
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B = {(x , y) ∈ R2|∃z ∈ R s.t. (x , y , z) ∈ C}

[IMP15] Rémi Imbach, Guillaume Moroz, and Marc Pouget.
Numeric and certified isolation of the singularities of the projection of a
smooth space curve.
In Proceedings of the 6th International Conferences on Mathematical Aspects
of Computer and Information Sciences, MACIS’15, 2015.
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Lemma 2: (x , y) is a cusp of B ⇔ (x , y , z) satisfies:

P(x , y , z) = Q(x , y , z) = Pz(x , y , z) = Qz(x , y , z) = 0

P(x , y , z) = Pz(x , y , z) = Pzz(x , y , z) = 0

Lemma 3. Singularities of B are exactly the real solutions of:

when r → 0

(S4)


1
2 (P(x , y , c +

√
r) + P(x , y , c −

√
r)) = 0

1
2
√

r (P(x , y , c +
√

r)− P(x , y , c −
√

r)) = 0
1
2 (Q(x , y , c +

√
r) + Q(x , y , c −

√
r)) = 0

1
2
√

r (Q(x , y , c +
√

r)− Q(x , y , c −
√

r)) = 0

c: center of z1, z2
r = ‖cz1‖2

2
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Isolating singularities: solving the Ball system

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Finding the singularities of B in B0 = (x0, y0):

! solving the ball system on B0 × R× R+

! 3 systems solving on B0 × [−1, 1]× [0, 1]

Finding the singularities of B in B = R2:

! 5 systems solving on [−1, 1]2 × [−1, 1]× [0, 1]
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Results:

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Datas: Random dense polynomials of degree d , bit-size 8
0-dim solver: multi-precision subdivision solver, c++/cython/sage
IA libraries: BOOST for double precision, MPFI otherwise
[Imb16] Rémi Imbach.

A Subdivision Solver for Systems of Large Dense Polynomials.
Technical Report 476, INRIA Nancy, March 2016.

Numerical results: Isolating singularities of an apparent contour

system S2, RSCube S2, subd. S4, subd.
domain R2 [−1, 1]× [−1, 1] R2 [−1, 1]× [−1, 1] R2

d
6 15 0.5 1.35 8.4 11.3
7 105 4.44 21.9 43.8 54.2
8 620 37.9 57.7 70.2 99.2
9 3300 23.2 54.7 45.6 95.1

means on 5 examples of sequential times.

Numerical results: Isolating singularities of an apparent contour

system S2, RSCube S2, subd. S4, subd. with C
domain R2 [−1, 1]× [−1, 1] [−1, 1]× [−1, 1] [−1, 1]× [−1, 1]

d
6 15 0.5 8.4 2.36
7 105 4.44 43.8 4.13
8 620 37.9 70.2 5.91
9 3300 23.2 45.6 5.30

means on 5 examples of sequential times.
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Computing the topology of B: a geometric approach

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Enclose C: find a sequence {Ck}1≤k≤l such that
• C ⊂

⋃
k Ck ,

• in each Ck , C ∩ Ck is diffeomorphic to a close segment,
• each Ck has width less than η.

Enclose B:
Isolate singularities:

Lc = {Bp1 , . . . ,Bplc }, Ln = {Bq1r1 , . . . ,Bqln rln}

• each cusp is in a Bk

Dk = (xk , yk , zk , [0, (w(zk )
2 )2])

• each node is in a Bij = Bi ∩ Bj

Dij = (xij , yij ,
(zi +zj )

2 , [0, ( (zi−zj )
2 )2])

→ Singularities are in
⋃

k Bk ∪
⋃

i ,j Bij

→ Sols. of the ball system are in
⋃

k Dk ∪
⋃

i ,j Dij

Compute a graph:

GB is homeomorphic to B ∩ B0
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Bp 2

Bp 1 Bq 1

Br 1

Enclose C: {Ck}1≤k≤l = {(xk , yk , zk)}1≤k≤l

Enclose B: {Bk}1≤k≤l = {(xk , yk)}1≤k≤l

Isolate singularities: Lc = {Bp1 , . . . ,Bplc }, Ln = {Bq1r1 , . . . ,Bqln rln}

• each cusp is in a Bk

Dk = (xk , yk , zk , [0, (w(zk )
2 )2])

• each node is in a Bij = Bi ∩ Bj

Dij = (xij , yij ,
(zi +zj )

2 , [0, ( (zi−zj )
2 )2])

→ Singularities are in
⋃

k Bk ∪
⋃

i ,j Bij

→ Sols. of the ball system are in
⋃

k Dk ∪
⋃

i ,j Dij

→ Compute a graph:

GB is homeomorphic to B ∩ B0

• GB = ({Bk}1≤k≤l , {(Bk ,Bk+1)}1≤k<l )

• for each Bq1r1 ∈ Ln: identify Bq1 and Br1



Introduction Isolating singularities Computing topology
18/ 22

Computing the topology of B: a geometric approach
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Certified numerical tools: 1-dim solver

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

F : R3 → R2, C0 a box of R3

C = {C ∈ C0|F (C) = 0} is a smooth curve of R3

C1, . . . , Cm: connected components of C

Certified path-tracker:
Input: F : R3 → R2, C0 box of R3, ε ∈ R+

∗

Input:

An initial box C ∈ C i

Output: a sequence of boxes {Ck}1≤k≤l enclosing C i .
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Certified numerical tools: 1-dim solver

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

F : R3 → R2, C0 a box of R3

C = {C ∈ C0|F (C) = 0} is a smooth curve of R3

C1, . . . , Cm: connected components of C
Certified path-tracker:
Input: F : R3 → R2, C0 box of R3, ε ∈ R+

∗

Input:

An initial box C ∈ C i

Output: a sequence of boxes {Ck}1≤k≤l enclosing C i .

[MGGJ13] B. Martin, A. Goldsztejn, L. Granvilliers, and C. Jermann.
Certified parallelotope continuation for one-manifolds.
SIAM Journal on Numerical Analysis, 51(6):3373–3401, 2013.
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Certified numerical tools: 1-dim solver

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

F : R3 → R2, B0 a box of R2

C = {C ∈ B0 × R|F (X ) = 0} is a smooth curve of R3

C1, . . . , Cm: connected components of C
Assumption (A1): C is compact over B0
(A1) holds for generic polynomials P,Q
Finding one point on each connected component
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Finding one point on each connected component

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Assumption (A1): C is compact over B0

Lemma: If (A1) holds, Ck is
• either diffeomorphic to [0, 1]
⇒ has 2 intersections with ∂B0 × R

• or diffeomorphic to a circle
⇒ has at least two x -critical points
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Finding one point on each connected component

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Assumption (A1): C is compact over B0

Lemma: If (A1) holds, Ck is
• either diffeomorphic to [0, 1]
⇒ has 2 intersections with ∂B0 × R

• or diffeomorphic to a circle
⇒ has at least two x -critical points

C ∩ (∂B0 × R) are the solutions
of the 4 systems:{

P(x = a, y , z) = 0
Q(x = a, y , z) = 0{
P(x , y = b, z) = 0
Q(x , y = b, z) = 0

where a ∈ {xinf , xsup},

where

b ∈ {yinf , ysup}
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Finding one point on each connected component

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Assumption (A1): C is compact over B0

Lemma: If (A1) holds, Ck is
• either diffeomorphic to [0, 1]
⇒ has 2 intersections with ∂B0 × R

• or diffeomorphic to a circle
⇒ has at least two x -critical points

x -critical points of C are the
solutions of the system:

P(x , y , z) = 0
Q(x , y , z) = 0∣∣∣∣ Py Pz

Qy Qz

∣∣∣∣ (x , y , z) = 0
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Results:

Rémi Imbach, Guillaume Moroz and Marc Pouget INRIA - VEGAS

Datas: Random dense polynomials of degree d , bit-size 8
0-dim solver: multi-precision subdivision solver, c++/cython/sage

Path tracker: prototype in python/cython

[MGGJ13] B. Martin, A. Goldsztejn, L. Granvilliers, and C. Jermann.
Certified parallelotope continuation for one-manifolds.
SIAM Journal on Numerical Analysis, 51(6):3373–3401, 2013.

Numerical results: Isolating singularities of an apparent contour

system S2, RSCube S2, subd. S4, subd.
domain R2 [−1, 1]× [−1, 1] R2 [−1, 1]× [−1, 1]

R2

d
6 15 0.5 1.35 8.4 11.3
7 105 4.44 21.9 43.8 54.2
8 620 37.9 57.7 70.2 99.2
9 3300 23.2 54.7 45.6 95.1

means on 5 examples of sequential times.

Numerical results: Isolating singularities of an apparent contour

system S2, RSCube S2, subd. S4, subd. with C
domain R2 [−1, 1]× [−1, 1] [−1, 1]× [−1, 1] [−1, 1]× [−1, 1]

d
6 15 0.5 8.4 2.36
7 105 4.44 43.8 4.13
8 620 37.9 70.2 5.91
9 3300 23.2 45.6 5.30

means on 5 examples of sequential times.
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